Abstract. In this research article, we discuss two topics. Firstly, we introduce SCC-Map and φ-contraction type T -coupling. By using these two definitions, we generalize φ-contraction type coupling given by H. Aydi et al.
Introduction and Mathematical Preliminaries
T. Gnana Bhaskar and V. Lakshmikantham [9] introduced the concept of coupled fixed point of mapping F : X × X → X. Lakshmikantham V. andĆirić L. [13] introduced coupled coincidence point. Then results on existence of coupled fixed point and coupled coincidence points appeared in many papers [1, 2, 4, 5, 8, 10, 13, 14, 15, 16, 17, 18, 19] . The concept of coupling was introduced by Choudhury et al. [6] . Choudhury et al. [7] proved the existence and uniqueness of strong coupled fixed point for couplings using Kannan type contractions for complete metric spaces. Recently, H. Aydi et al. [3] proved the existence and uniqueness of strong coupled fixed point for φ-contraction type coupling in complete partial metric spaces. In this paper we generalize result of H. Aydi et al. [3] by introducing SCC − M ap for metric spaces not necessarily complete. Also we prove the existence and uniqueness of coupled fixed point for (φ, ψ)-contraction type coupling in complete metric spaces. Now we recall some definitions and results. Definition 1.1. (Coupled fixed point) [9] . An element (x, y) ∈ X × X, where X is any non-empty set, is called a coupled fixed point of the mapping F : X × X → X if F (x, y) = x and F (y, x) = y. Definition 1.2. (Strong coupled fixed point) [6] . An element (x, y) ∈ X × X, where X is any non-empty set, is called a strong coupled fixed point of the mapping F : X × X → X if (x, y) is coupled fixed point and x = y; that is if F (x, x) = x. Definition 1.3. (Coupled Banach Contraction Mapping) [9] . Let (X, d) be a metric space. A mapping F : X × X → X is called coupled Banach contraction if there exists k ∈ (0, 1) s.t ∀ (x, y), (u, v) ∈ X × X, the following inequality is satisfied:
Definition 1.4. (Cyclic mapping) [11] . Let A and B be two non-empty subsets of a given set X. Any function f : X → X is said to be cyclic (with respect to A and B) if f (A) ⊂ B and f (B) ⊂ A.
Definition 1.5. (Coupling) [6] . Let (X, d) be a metric space and A and B be two non-empty subsets of X. Then a function F : X × X → X is said to be a coupling with respect to A and B if
F (x, y) ∈ B and F (y, x) ∈ A whenever x ∈ A and y ∈ B.
Definition 1.6. (Coupled coincidence point of F and g) [13] . An element (x, y) ∈ X × X is called a coupled coincidence point of the mappings F : X × X → X and g : X → X if F (x, y) = g(x) and F (y, x) = g(y). Definition 1.7. [12] . A function ψ : [0, ∞) → [0, ∞) is called an altering distance function, if the following properties are satisfied: (i) ψ is monotone increasing and continuous, (ii) ψ(t) = 0 iff t = 0. Lemma 1.8. [3] . Let φ ∈ Φ and {u n } be a given sequence such that u n → 0
. Let A and B be two non-empty subsets of a partial metric space (X, p). A coupling F : X 2 → X is said a φ-contraction type coupling with respect to A and B if there exists φ ∈ Φ such that
for any x, v ∈ A and y, u ∈ B. Theorem 1.10. [3] . Let A and B be two non-empty closed subsets of a complete partial metric space (X, p). Let F : X 2 → X be a φ-contraction type coupling with respect to A and B. Then A ∩ B = ∅ and F has a unique strong coupled fixed point in A ∩ B. Before proving the main theorem of this section we introduce some definitions.
Definition 2.1.1.
(SCC-Map). Let A and B be any two non-empty subsets of a metric space (X, d) and T : X → X be a self map on X. Then T is said to be SCC − map (with respect to A and B), if (i) T (A) ⊆ A and T (B) ⊆ B, (ii) T (A) and T (B) are closed in X.
Remark 2.1.2. I (the identity map) is not SCC − M ap in general. I is SCC − M ap whenever A and B are closed subsets of X, i.e. I can't be considered as SCC − M ap with respect to open sets. Definition 2.1.3. (φ-Contraction Type T -Coupling). Let A and B be any two non-empty subsets of metric space (X, d) and T : X → X is SCC − M ap on X (w.r.t. A and B). Then a coupling F : X × X → X is said to be φ-Contraction Type T -Coupling (w. r. t. A and B), if
for any x,v ∈ A and y,u ∈ B and φ ∈ Φ defined in Lemma 1.8. Note 2.1.4. If A and B are two non-empty subsets of a metric space (X, d) and F : X × X → X is a coupling with respect to A and B. Then by definition of coupling for a ∈ A and b ∈ B, we have F (a, b) ∈ B and F (b, a) ∈ A. Now let (a, b) be the coupled fixed point of F , then F (a, b) = a and F (b, a) = b. But in general this is absurd because F (a, b) ∈ B and a ∈ A. Similarly F (b, a) ∈ A and b ∈ B. This is only possible for a, b ∈ A ∩ B. The most important fact I want to note that for any coupling F : X × X → X (w.r.t. A and B), where A and B be any two non-empty subsets of metric space (X, d), whenever we investigate for coupled fixed point (x, y) in product space A×B, then we should directly investigate in product subspace (A∩B)×(A∩B). Similarly for strong coupled fixed point,we should investigate it in A ∩ B.
Theorem 2.1.5. Let A and B be any two complete subspaces of a metric space (X, d) and T : X → X is SCC − M ap on X (w.r.t. A and B). Let F : X × X → X be a φ-contraction type T -coupling (with respect to A and B), Then, (i) T (A) ∩ T (B) = ∅, (ii) F and T have atleast one coupled coincidence point in A × B.
Proof. Since F is φ-contractive type T -coupling (with respect to A and B), we have
where x,v ∈ A and y,u ∈ B and φ ∈ Φ. As A and B are non-empty subsets of X and F is φ-contraction type T -coupling ( w.r.t. A and B), then for x 0 ∈ A and y 0 ∈ B we define sequences {x n } and {y n } in A and B resp. such that,
We claim T x n = T y n+1 and T y n = T x n+1 ∀ n. If possible suppose for some n, T x n = T y n+1 and T y n = T x n+1 , Then by using (2), we have
Which shows that (x n , y n ) is a coupled coincidence point of F and T , so we are done in this case. Thus we assume T x n = T y n+1 and T y n = T x n+1 ∀ n.
Now we define a sequence {D n } by
Then
Now by using (1) and (2), we get
and
using φ(t) < t ∀ t > 0, then from (3), (4), (5) and (6), we have
= D n−1 .
Thus D n < D n−1 ∀ n. This show that {D n } is monotonic decreasing sequence of non-negative real numbers, therefore ∃ s ≥ 0, s.t.
suppose s > 0, letting n → +∞ in (7), using (4) and Lemma 1.8, we have
which is a contradiction, therefore s = 0. So
Now we prove lim
Let us define a sequence {R n } by R n = d(T x n , T y n ). If R n0 = 0 for some n 0 , then T x n0 = T y n0 and so T x n0+1 = T y n0+1 , by induction we have
Now we assume R n > 0 ∀ n, then by using (1), (2) and definition of φ, we have
Thus {R n } is a monotonic decreasing sequence of non-negative real numbers. Therefore ∃ r ≥ 0, s.t.
Assume r > 0 and proceeding similarly by using lim
above we will obtain a contradiction, so r = 0, i.e.
using triangular inequality, (9) and (10), we have
Now we show that {T x n } and {T y n } are Cauchy sequences in T (A) and T (B) resp. Assume either {T x n } or {T y n } is not a Cauchy sequence, i.e.
Then ∃ ε > 0, for which we can find subsequences of integers {m(k)} and {n(k)} with n(k) > m(k) > k, s.t.
Further corresponding to m(k) we can choose n(k) in such a way that it is smallest integer with n(k) > m(k) and satisfy (13), then
Now by using triangular inequality, (1) and (2), we have
similarly by using triangular inequality, (1) and (2), we can show that
from (13), (15) and (16), we have
by triangular inequality , we have
from (14), (18) and (19), we have
since φ is non-decreasing, we have from (20)
(21) Now using (21) in (17), we get
letting k → ∞ in (22) and using (10), (11), (12) and property (iii) of φ in Lemma 1.8, we get
which is a contradiction. Thus {T x n } and {T y n } are Cauchy sequences in T (A) and T (B) resp.But T (A) and T (B) are closed subsets of a complete subspaces A and B resp. Hence {T x n } and {T y n } are convergent in T (A) and T (B) resp. So ∃ u ∈ T (A) and v ∈ T (B), s.t.
using (10) in above, we get u = v.
Therefore u = v ∈ T (A) ∩ T (B), thus T (A) ∩ T (B) = ∅. This proves part (i). Now, as u ∈ T (A) and v ∈ T (B), therefore ∃ a ∈ A and b ∈ B, s.t. u = T (a) and v = T (b). Using in (24), we get
also from (25), we get
Now using triangular inequality, (1), (2), (26), (27) and Lemma 1.8, we get
thus from above, we have
Again by using triangular inequality, (1), (2), (26), (27) and Lemma 1.8, we get
from above, we have
Hence (28) and (29) shows that (a, b) ∈ A × B is the coupled coincidence point of F and T .
Corollary 2.1.6. It should be noted that the above condition also gives a symmetric point of F in A × B, i.e. there exists a point (a, b) ∈ A × B s.t.
. This can be easily see by using (27) in (28) and (29) of Theorem 2.1.5, we get
Corollary 2.1.7. If we take T = I (the identity map) and A and B the closed subsets, then Theorem 2.1.5 will reduce to Theorem 1.10 by H.Aydi [3] for metric spaces not necessary complete.
Proof : The proof can be easily verified by using (27) and (28) 
Also we define T : X → X by
We define φ : .t. A and B) . Now we will show F : X × X → X is coupling (w.
i.e.
thus in both the cases we get F is a coupling (w.r.t. A and B). Now we show that F is φ-contraction type T -coupling (w.r.t. A and B.) let x, v ∈ A and y, u ∈ B, three cases will arise for y, u, case(i): when both y, u ∈ A, i.e. 0 ≤ y, u ≤ 2. case(ii): when one is in A and other outside A. case(iii): when both y, u lie outside A, i.e. 2 < y, u ≤ 4. For case(i), i.e. x, y, u, v ∈ A, we have from (31)
Using (32) in above, we get
also for x, y, u, v ∈ A, we have from (30)
thus from (33) and (34), we get
hence we have proved in this case. For case(ii), i.e. x, v ∈ A and either y or u ∈ A. Without loss of generality we assume y ∈ A and u outside A i.e. 2 < u ≤ 4. thus for x, y, v ∈ A and 2 < u ≤ 4, we have from (31) T (x) = T (y) = T (v) = 2 and T (u) = 4.
so d(T (x), T (u)) = 2 and d(T (y), T (v)) = 0 thus
also for x, y, v ∈ A and 2 < u ≤ 4, we have from (30) F (x, y) = 2 and 1 12
therefore from (36), we have
thus from (35) and (37), we get
which proves case(ii). For case(iii), i.e. x, v ∈ A and 2 < y, u ≤ 4., we have from (31)
also for x, v ∈ A and 2 < y, u ≤ 4, we have from (30)
from (39), we have
from (38) and (40), we have
Thus in all the cases we have proved that F is φ-contraction type T -coupling 
This shows that (a, b) is coupled coincidence point of F and T . The above example also shows that F and T have infinitely many coupled coincidence points.
Strong Coupled Fixed Point For (φ, ψ)-Contraction Type Coupling.
In this section we give answer to an open problem presented by choudhury et al. [7] concerning the investigation of fixed point and related properties for couplings satisfying other type of inequalities. Here we use (φ, ψ)-contraction. Before going to the main theorem of this section, we define (φ, ψ)-contraction type coupling. Definition 2.2.1. ((φ, ψ)-contraction type coupling). Let A and B be two non-empty subsets of a metric space (X, d) and φ, ψ are two altering distance functions. Then a coupling F : X × X → X is said to be (φ, ψ)-contraction type coupling (with respect to A and B) if it satisfies the following inequality :
for any x, v ∈ A and y, u ∈ B. Theorem 2.2.2. Let A and B be two non-empty closed subsets of a complete metric space (X, d) and F : X × X → X is a (φ, ψ)-contraction type coupling ( with respect to A and B) i.e. there exists altering distance functions ψ, φ s.t.
(42) for any x, v ∈ A and y, u ∈ B, Then (i) A ∩ B = ∅, (ii) F has a unique strong coupled fixed point in A ∩ B. Proof : Since A and B are non-empty subsets of X and F is a coupling ( w.r.t. A and B), then for x 0 ∈ A and y 0 ∈ B we define sequences {x n } and {y n } in A and B resp. such that,
If for some n, x n+1 = y n and y n+1 = x n , then by using (43), we have
This shows that (x n , y n ) is a coupled fixed point of F . So, we are done in this case. Now assume x n+1 = y n and y n+1 = x n , ∀ n. Let us define a sequence {D n } by
clearly {D n } ⊆ [0, ∞), ∀ n. Now using (42), (43) and fact that x n ∈ A and y n ∈ B ∀ n, we have
using properties of φ, we have
Again using properties of ψ, we get
Now again using (42), (43) and fact that x n ∈ A and y n ∈ B ∀ n, we have
Now using properties of φ and ψ, we get
by using (46) and (48), we get
from (44), we have
Therefore {D n } is monotonic decreasing sequence of non-negative real numbers.
Since
on using (45), (47) and (51), we get
letting n → ∞ in above inequality, using(50) and continuities of φ and ψ, we have
⇒ φ(r) = 0, since φ is altering distance function, so r = 0. Hence lim
Thus both lim
Now we define a sequence {R n } by R n = d(x n , y n ) we show that R n → 0 as n → ∞. By using (42) and (43), we get
by properties of φ and ψ, we have
Thus {R n } is monotonic decreasing sequence of non-negative real numbers. therefore ∃ s ≥ 0, s.t.
take n → ∞ in (53), using (54) and continuities of φ and ψ, we have
⇒ φ(s) = 0, but since φ is altering distance function, so we have s = 0.
i.e. lim
Now using triangular inequality, (52) and (55), we have
and lim
Now we will prove that sequences {x n } and {y n } are cauchy sequences in A and B resp. If possible, let {x n } or {y n } is not a Cauchy sequence. Then there exists an ε > 0, and sequence of positive integers {m(k)} and {n(k)} such that ∀ positive integer k, with n(k) > m(k) > k, we have
Now we show that
By using (42) and (43), we get
Using properties of φ and ψ, we have
Similarly we can show by same pattern that,
From (60) and (61), we have
Where
It is fact that for a, b, c ∈ R + , max{a + c, b + c} = c + max{a, b}. Therefore by triangular inequality, (59) and the above fact, we have
Thus from (62) and (63), we get
Now again by traingular inequality, we have
From (58) (64), (65) and (66), we get
Take k → ∞ in (67) and using (55), (56), (57) and (58), we have
Which is a contradiction, Hence {x n } and {y n } are Cauchy sequences in A and B respectively.
Since A and B are closed subsets of complete metric space X, therefore {x n } and {y n } are convergent in A and B respec. Thus ∃ x ∈ A and y ∈ B, s.t.
x n → x and y n → y.
Also by using (55) in (68), we get
Thus x = y ∈ A ∩ B, which shows that A ∩ B = ∅. using (42), (43) and fact that x n , x ∈ A and y n , y ∈ B ∀ n, we have
using properties of ψ and φ, we get
Now using triangular inequality, (68), (69) and (70), we get
⇒ F (x, x) = x, hence F has a strong coupled fixed point in A ∩ B. Uniqueness: Let if possible F has two strong fixed points l, m in A ∩ B, then
Now using (42), (71), properties of φ and ψ and l, m ∈ A ∩ B, we have
which gives φ(d(l, m)) = 0, as φ is altering distance function so d(l, m) = 0. Hence l = m, which proves the uniqueness. Hence F is (φ, ψ)-contraction type coupling ( w.r.t A and B). Thus all the conditions of Theorem 2.2.2. are satisfied: then F has a strong coupled fixed point in A ∩ B.
Clearly A ∩ B = {1} = ∅ and 1 is the unique strong coupled fixed point of F in A ∩ B as F (1, 1) = min{1, 1} = 1.
